We invoke integrals of Mellin-Barnes type to analytically continue the GopakumarVafa resummation of the topological string free energy in the string coupling constant, leading to additional non-perturbative terms. We also discuss in a similar manner the refined and Nekrasov-Shatashvili limit version thereof. The derivation is straightforward and essentially boils down to taking residue. This allows us to confirm some related conjectures in the literature at tree-level.
Introduction
Recently, the question of a possible non-perturbative completion of the topological string (and related theories) received renewed interest. This has been triggered by three a priori independent developments. Firstly, via progress in translating and applying well-established techniques like resurgence and exact quantization to the topological string context, see in particular [1, 2, 3, 4, 5] . Secondly, via insight gained from the study of ABJM theories in the Fermi gas formalism, quantization thereof, and the resulting spectral determinants, particularly [6, 7] . Thirdly, via the connection between N = 1 superconformal theories on S 5 and the refined topological string [8] .
The latter two approaches led to a proposal for a non-perturbative completion of topological string free energies, at least in a particular regime in Kähler moduli space.
More precisely, the authors of [6] conjectured the general non-perturbative completion of the topological string on a toric Calabi-Yau [7] to be essentially encoded in the corresponding Nekrasov-Shatashvili free energies. The support for the validity of their conjecture mainly comes so far from numerics (but has been analytically confirmed for the resolved conifold in [9] ). The proposal of [8] is more general, as they propose the non-perturbative completion of the refined topological string (in Gopakumar-Vafa form), which includes the ordinary topological string under a suitable specialization of equivariant parameters. The approach of [8] is based on making use of analytic properties of multiple-sine functions and the connection to superconformal theories, implying a triple factor structure for the refined partition functions. Under specialization of equivariant parameters their proposal agrees with [7] (modulo some differences in choice of Kähler class and flat coordinates). The precise relation of the latter two approaches and the implications for the resurgence based ones mentioned above first is at the time being not clear and remains an avenue for future research. However, consistency requires that in overlapping regimes of validity they should yield the same result.
The purpose of this note is to analytically confirm the conjectured non-perturbative terms of [7] and [8] for the tree-level part of the partition functions in a very straightforward and simple way. In essence, the analytic structure of the Gopakumar-Vafa free energy [10, 11] under analytic continuation in the string coupling constant, i.e., the pole structure in the complex plane, cf., [6] , determines a minimal necessary nonperturbative sector. In spirit closest to our approach below comes [12] , though there are some essential differences.
The remaining non-trivial claim of the conjectures is therefore that the particular non-perturbative structure of the partition function present at tree-level generally persists to higher genus, on which, unfortunately, we can not give a conclusive answer with the formalism to be introduced in the remaining part of this introduction.
The main idea we present in this note is readily explained. Recall the Mellin-Barnes integral representation of the hypergeometric function
convergent for | arg(−z)| < π (see for instance [13] ). The integration contour C runs (upward) along the imaginary axis, suitably indented to separate the poles of Γ(− x) from the poles of Γ(a + x)Γ(b + x). It can be shown that the contour can be closed, picking up either the poles of Γ(−x) along the positive real axis or the poles of Γ(a + x)Γ(b+x). We denote the former deformed contour as C + (running clockwise, requiring that |z| < 1), while the latter as C − (running anti-clockwise, leading to the asymptotic expansion for large |z|).
In particular, from the above integral representation it follows that
and so
Indeed, deforming to C + in order to pick up the simple poles of Γ(−x), we recover via residue taking the series expansion of log(1 + z) from the integral representation (1.2).
We can also close the contour on the other side, i.e., C − , and recover again log(1 + z).
However, we will not make any further use of C − in this note.
The fact we will make use of is that a significant class of topological string free energies F at the large volume point in Kähler moduli space can be expressed at least in part qualitatively as summation 
effectively yielding a resummation and analytic continuation of F . Note that in the process of resummation we may pick up "new" poles at points x * i for which
holds. As we will see below, these poles encode non-perturbative information and are therefore also referred to as "non-perturbative" poles. Hence, for free energies taking a form similar to (1.3), we are able to easily analytically continue in the parameters z, thereby arriving at a trans-series like expansion, which goes beyond the usual weak coupling analysis.
We believe that the Mellin-Barnes method sketched above will be of use more generally in the study of partition functions occuring in the context of supersymmetric theories in various dimensions. For instance, the logarithm of superconformal indices often takes a structure similar to (1.3), cf., [14] .
The outline is as follows. In the next section we will discuss the usual GopakumarVafa expansion of the topological string free energy, thereby confirming the conjecture of [7] at tree-level. However, due to absence of non-perturbative poles at higher genus, we can not confirm via our approach beyond tree-level. In section 3 the refined case will be considered. Here, things will be slightly different and we have a surviving non-perturbative sector beyond tree-level, under certain conditions on the equivariant parameters. We will also discuss the Nekrasov-Shatashvili limit in this section. We conclude in section 4 with an explicit and non-trivial example, illustrating that the Mellin-Barnes method introduced above is wider applicable. In detail, the method can be easily applied to Chern-Simons theory on S 3 , thereby rederiving some of the results of [9] in a far simpler way (the underlying reason being uniqueness of analytic continuation).
Gopakumar-Vafa expansion
Recall that we know since Gopakumar-Vafa [10, 11] that the genus zero part of the topological string partition function takes the form
where χ is the Euler characteristic of the Calabi-Yau, d denotes the Kähler class, n
the tree-level Gopakumar-Vafa invariants, and the function M gs (Q) is defined as
We further defined q := e −2πi gs and Q := e −2πi t with t the Kähler parameters and g s the string coupling constant.
Note that M gs ( However, what we will show in detail below is that even if one does not expand Z (0) for small g s , one can still rewrite the corresponding free energy F := log Z as a Gopakumar-Vafa like summation, but with an additional non-perturbative sector.
The resulting trans-series like expansion matches the conjectured form of [7, 8] , and in the case of the conifold the independent calculation of [9] via universal Chern-Simons theory.
From the integral representation (1.2) it follows via a simple resummation that
where we defined M := log M. As we can transform the sin 2 via Euler's reflection
to Gamma functions, the above integral representation for M q (Q) is of Mellin-Barnes type. The integrand picks up besides the ray of simple poles at x * p = n , a ray of order 2 poles at
with n ∈ N. For reasons becoming more clear below we will refer to the former poles as perturbative and the latter as non-perturbative. Therefore, we split M into two parts,
3)
The contribution of the perturbative poles can be readily inferred, yielding
It remains to discuss the non-perturbative poles. Note that for functions f (z) regular and g(z) having an order 2 pole at z = a, we have
Straight-forward calculation then yields,
Let us consider the general genus zero free energy given by (2.1), i.e.,
We immediately deduce that we have in general
We will come back to this expression in section 3.
One can as well write the higher genus part of the topological string partition function (at large volume) in a similar product form as the genus zero part given in (2.1), see for instance [17, 18] . Namely, defining
we can write
where n log L (g) , using again the integral representation (1.2) and summing over l, we infer
Taking residue yields
We infer via (2.7) the well-known (perturbative) Gopakumar-Vafa expansion
However, in contrast to g = 0, we do not have non-perturbative poles in the integral representation (2.8). Therefore, the analytic continuation of the partition function (2.7) does not automatically imply a non-perturbative sector at g > 0, and therefore the general validity of the conjectured non-perturbative structure of [7] stays elusive in our approach.
One should compare to the related Schwinger-integral based discussion of [19] , where the failure to obtain results for g > 0 has been explained to be due to the "pole at infinity" being an essential singularity. Here, we do not see an easy escape route, as (2.8) is clearly of Mellin-Barnes type (after invoking Euler's reflection formula) and convergent under suitable restrictions on Q (cf., [13] , Lemma 2.5). However, viewing Q as non-perturbative flat coordinate, there is always room for a non-perturbative sector under expansion of Q in terms of the perturbative coordinates.
Refined Gopakumar-Vafa expansion
The refined Gopakumar-Vafa expansion reads
with ǫ + := ǫ 1 + ǫ 2 and ǫ − := ǫ 1 − ǫ 2 . (Note that we use the representation basis of [20, 21] rather than the original one of [22] . Further, we rescaled ǫ i by a factor of 2π.) The infinite product representation of the corresponding partition function can be readily inferred to be given by
. 
It remains to bring log
where we defined q := e 2πiǫ 1 , t := e −2πiǫ 2 and so e iǫ + = q/t, e iǫ − = qt, and
Let us first consider the case with g L = g R = 0. We define
Taking the logarithm and summing we have
The perturbative poles lead to
reproducing the main building block of the refined Gopakumar-Vafa expansion (3.1)
at g L = g R = 0, as it should be. In fact, M p ǫ 1 ,ǫ 2 corresponds simply to the perturbative free energy of the refined conifold (without constant map contribution).
For the non-perturbative poles, some more care has to be taken as enhancement to order 2 poles may occur for some of the poles, if β := −ǫ 1 /ǫ 2 ∈ Q. Here, we take for simplicity β ∈ Q such that we have two independent rays of non-perturbative simple poles, i.e.,
with n ∈ N. We deduce that
confirming the universal Chern-Simons based results for the non-perturbative completion of the conifold of [9] (under redefinition of the Kähler parameter).
Note that as integral
with M gs as defined in section 2, eq. (2.2). Clearly, this relation extends to M p .
However, care has to be taken for the non-perturbative expansion M np , as we can not simply substitute β = 1 in (3.4). Rather, a proper limiting procedure has to be performed in order to recover the pole enhancement leading to (2.5).
1
In order to make contact with [8] , we note that we can express M np in terms of
recovering under the exponential the triple (perturbative) partition function factor structure of [8] , thereby rederiving their result for all geometries with vanishing refined Gopakumar-Vafa invariants at g L + g R > 0.
1 We thank R. Mkrtchyan for some related explanations.
Let us move on to the general case. We define
such that
Under taking the logarithm, making use of (1.2), and performing the summations, we have
Clearly, as integral
The perturbative poles of (3.7) can be easily evaluated, leading to
With (3.6), we indeed reproduce the original expansion (3.1) from the perturbative poles.
The non-perturbative pole structure of L (g L ,g R ) depends on the values taken by ǫ i .
Besides possible enhancement to order 2 poles, we may have as well for g L + g R > 0 partial or complete absence of non-perturbative poles. Here, we consider β ∈ Q, such that we have the two rays of non-perturbative poles (
(3.10)
We infer via (3.6) that the non-perturbative completion of the refined GopakumarVafa expansion (3.1) for β ∈ Q, necessary for our analytic continuation, reads
A similar remark as before regarding specialization of equivariant parameters applies.
NS limit
The Nekrasov-Shatashvili limit (for short NS) is defined as [23] F N S := lim
We can apply the limit to (3.7), yielding
Alternatively, we may also directly act with the limit onto the previous results obtained via taking residue (for proper choice of β). For instance, acting on (3.9) yields
(We redefined := ǫ 1 .)
As a side remark, note that using (3.8), we immediately infer that
Acting with the derivative in respect to the surviving equivariant parameter, we easily can verify that (as has been already discussed in detail in [12, 9] )
. Now note that in general the Gopakumar-Vafa invariants n d at tree-level are identical in the refined and unrefined case. Therefore, we can conclude that
We recognize that the non-perturbative complete F (0) , derived in section 2, takes the form of the conjecture of [7] .
The non-perturbative sector requires some more care. Note that in (3.11) we have for g L + g R = 0 non-perturbative poles at
with n ∈ N. Hence,
Comparing with (3.12) shows that we have the S-dual like relation 15) as first observed in [9] .
However, for g L + g R > 0 the poles (3.14) with n odd are cancelled against a vanishing nominator in (3.11), such that
This is consistent with applying the NS limit directly to (3.10).
Hence, we deduce the necessary non-perturbative completion of the perturbative NS free energy, implied by our formalism, to be given by
.
Note that the definition of N d makes sense, as it seems that one has in general only a finite number of non-vanishing invariants n
at fixed degree d (cf., [21] ).
4 Example: Resolved conifold / Chern-Simons on S
3
In order to illustrate that the Mellin-Barnes integral representation is more widely applicable, let us briefly consider U(N) Chern-Simons theory on S 3 .
Note first that the resolved conifold has χ = 2, a single Kähler modulus and a single non-vanishing Gopakumar-Vafa invariant at genus zero, equal to one. Hence, (2.1) reduces to
Let us consider now U(N) Chern-Simons theory on S 3 . The partition function reads (see for instance [24] ) This is an exact statement, as it does not involve a large N limit, nor any other kind of perturbative expansion, confirming the more general discussion of [25, 9] in a simple and straight-forward manner. Of course, other gauge groups and the refined case can be discussed similarly.
